The spin fluctuations of electron and hole doped self-assembled quantum dot ensembles are measured optically in the low-intensity limit of a probe laser in absence and presence of longitudinal or transverse static magnetic fields. The experimental results are modeled by two complementary approaches based either on semiclassical or quantum mechanical descriptions. This allows us to characterize the hyperfine interaction of electron and hole spins with the surrounding bath of nuclei on time scales covering several orders of magnitude. Our results demonstrate (i) the intrinsic precession of the electron spin fluctuations around the effective nuclear Overhauser field caused by the host lattice nuclear spins, (ii) the comparably long time scales for electron and hole spin decoherence, as well as (iii) the dramatic enhancement of the spin lifetimes induced by a longitudinal magnetic field due to the decoupling of nuclear and charge carrier spins.
I. INTRODUCTION
Since the beginning of the 21st century, the spectroscopy of spin noise [1] has emerged as a competitive tool to study spin dynamics in close to thermal equilibrium conditions. The rapid development of this technique has started with detailed investigations of the spin fluctuations in atomic gases in 2004 [2] , and then moved to studies of spin noise in semiconductor systems, such as bulk crystals [3] [4] [5] [6] or nanostructures [7, 8] , because this class of materials may be the building blocks of future spin-based devices. For many applications, self-assembled semiconductor quantum dots (QDs) have been considered, because QDs can be grown epitaxially and implemented into established semiconductor environment [9] . The direct band gap in combination with a giant optical dipole moment allows for spin control operations that can be performed at a terahertz rate or even faster, see, e.g., [10] [11] [12] . To that end, it is mandatory for such applications to have detailed knowledge on the interactions of the involved carrier spins and the resulting dynamics. The spin dynamics of the confined spins of single electrons and holes are mostly determined by the interaction with the surrounding nuclei in the dot, which are theoretically treated usually by the central spin model (CSM).
First experimental investigations on the spin noise of singly-charged QDs were undertaken by Crooker et al. [13] . Further studies on such QDs included, for example, the observation of the hole spin decoupling from the surrounding nuclei on the fluctuation level [14] . Another achievement was related with the investigation of hole spin noise correlations probed by two beams in a twocolour optical spin noise technique, making it possible to reveal the homogeneous lifetime of the optical transition in the dot, despite the inevitable inhomogeneous broadening of the QD ensemble [15] . However, until now the objects of investigation of the spin noise in quantum dot ensembles were, to the best of our knowledge, resident hole spins only. If at all, electrons were additionally excited by a weak non-resonant pump laser, by which the spin fluctuations of the optically excited electron spins became observable [13] .
In contrast to the lack of comprehensive experimental investigations of the electron spin noise in n-doped quantum dots, theoretical treatments do already exist. Two complementary approaches, based on a semiclassical treatment utilizing the Bloch equations and averaging over the static nuclear spin fluctuations [16] , and a fully quantum mechanical approach that is based on the Chebyshev polynomial technique [17] , lead to almost identical predictions of spin noise spectra [18] .
This work aims at a detailed experimental and theoretical investigation of resident electron and hole spin fluctuations in QD ensembles. We present experimental results on these fluctuations in absence of external fields, where the electron spin precession around Overhauser field fluctuations is revealed. We also demonstrate comparable time scales for long-term spin decoherence in n-and p-type QDs. This result, being unexpected within the simple CSM, is explained by the inclusion of nuclear quadrupole interactions [19, 20] .
Further, we study the behaviour of the spin noise under application of transverse and longitudinal static fields. We demonstrate that, like in the case of hole spins [14] , the electron spins also undergo decoupling from the nuclear spins. This effect takes place at somewhat stronger longitudinal fields, demonstrating a stronger coupling to the surrounding bath of nuclei. Additionally, we are able to trace the redistribution of the spin noise power between the nuclei-induced carrier spin precession and the quasi-static contributions at zero magnetic field.
The paper is organized as follows: Sec. II introduces the theoretical approaches to calculate the spin noise; the description of samples and setup is presented in Sec. III. Section IV presents the experimental results and their discussion in relation to the theoretical predictions. Conclusions are given in Sec. V.
II. THEORY
In optical spin noise spectroscopy, spin fluctuations are monitored as noise in the Faraday or Kerr rotation of a continuous-wave (cw) linearly polarized laser beam. The fluctuation angles ϑ F (Faraday effect, transmission geometry) and ϑ K (Kerr effect, reflection geometry) are proportional to the spontaneous fluctuations of the charge carrier spins. The autocorrelation functions of the spin signals are proportional to the correlation functions of electron and hole spin-z components, S e,z (t) and S h,z (t), with the z [001] axis being the direction of the probe beam propagation coinciding with the quantum dot growth axis [16] .
We consider an ensemble of electronically isolated quantum dots (QDs) in an external static magnetic field B. Each QD can be charged either with an electron or a heavy hole. As a result, it is sufficient to calculate the spin fluctuation of a charge carrier within a dot and afterwards average over the quantum dot distribution. Since the QDs are independent of each other, the cross-correlations between the spins in different QDs are negligible. Further, no correlation between electron and hole spins appears, see Refs. [15, 28] for details.
Hence, we are interested in the frequency spectra of the electron and hole spin fluctuations defined as [16, 28] :
Here µ = e for electrons and µ = h for holes,Ŝ µ,α is the quantum-mechanical operator of the Cartesian component α = x, y, z of the carrier spin, the angular brackets denote the quantum mechanical and statistical averages, and {Â,B} s = (ÂB +BÂ)/2 stands for the symmetrized product of the operators. In accordance with the general theory [29] the spectrum is an even function of ω. As a result, for a QD ensemble one obtains the following expression for the Faraday rotation fluctuation spectrum:
where A and B are constants which depend on the details of the studied sample, the radiation propagation geometry and the probe frequency [16, 28, 30] . Furthermore, N e and N h are the numbers of negatively and positively charged QDs within the probe laser spot, respectively. The Hamiltonian of a single QD is given by
Here
is the frequency of the carrier spin precession about the external magnetic field applied in the (xz) plane, B = (B x , 0, B z ), e α denotes the unit vector along the α-axis, and g µ and g ⊥ µ are the longitudinal and transverse components of the g-factor tensor. For electrons the g-factor is nearly isotropic in the QDs studied here, g e ≈ g ⊥ e , while for heavy holes |g ⊥ h | ≪ |g h | as a rule [31] [32] [33] . We also do not consider any in-plane anisotropies of the carrier g-factors.
The operatorΩ µ N in the Hamiltonian (3) describes the hyperfine coupling between the charge carrier and nuclear spins,
The summation in Eq. (5) runs through the large number of host lattice nuclei in the QD (N n ∼ 10
are the spin operators of the k th nucleus, A µ k denotes the hyperfine coupling constants proportional to the probability to find an electron (hole) at a given nucleus, and λ is the anisotropy parameter. In particular, λ e = 1 for electrons and λ h ≫ 1 (typically λ h ∼ 10) for heavy holes [34] [35] [36] [37] . We note that the pronounced anisotropies of both the Zeeman effect and the hyperfine interaction for heavy holes results from the p-type character of its Bloch functions as compared with the s-type character of the electron Bloch functions.
The last term in Eq. (3) denotes the Hamiltonian for the nuclear spin system. Due to the smallness of the nuclear gyromagnetic ratios, the effect of the external magnetic field on the nuclei can be disregarded [38] . However, in III-V QDs the spins of all nuclear isotopes exceed 1/2, which makes the quadrupolar splittings of the nuclear spin states due to strain and electric fields important [19, 39, 41] . When neglecting the relatively weak nuclear spin-spin interactions, which can be important for nuclear spin dephasing, one can recast the Hamiltonian of the nuclear spin system as [20, 38, 42] 
The quadrupolar axis of the k-th nucleus generated by the growth induced strain [51] is given by n (k) z , and the additional vectors n (k)
x/y are chosen such that they complete an orthonormal basis with n (k) z . Furthermore, q k are the quadrupole splitting strengths and η denotes the parameter describing the in-plane anisotropy. Note that I (k) = 3/2 for the 69 Ga, 71 Ga and 75 As isotopes, while I (k) = 9/2 for the 115 In isotope. The latter is relevant for (In,Ga)As QDs as studied here.
Given the Hamiltonian (3), one can, in principle, evaluate the spin dynamics and the spin noise in QDs by making use of the fact that, in Eq. (1), the spin-spin correlation function can be expressed as [17, 18, 43] 
with ̺ 0 being the equilibrium density operator. Due to the huge number of involved nuclei, however, this problem is hardly tractable even numerically. On the other hand, the electron and nuclear spin systems possess drastically different time-scales of evolution [38, 44] . Therefore, certain simplifications and model approaches are usually engaged, which provide complementary information on spin noise. These approaches, their areas of validity and the corresponding results are briefly summarized below. We note already at this point, that each model results in a characteristic set of parameters when applied for describing the recorded experimental data. Once this parameter set is fixed for a particular configuration, it is held constant then and used consistently also when applying the specific model to other configurations. These parameter sets are given in Tab. I.
A. Semiclassical approach
In the framework of the semiclassical approach developed in Ref. [16] , the spin dynamics of the charge carriers and nuclei in Eq. (7) are decoupled. Moreover, one neglects the dynamics of the nuclear spins. In this case, the electron or hole spin simply precesses around the static effective field with the frequency
where Ω µ B is given by Eq. (4), and Ω µ N is the effective frequency of the precession in the field of the frozen nuclear fluctuations. The latter obey a Gaussian distribution
Here the parameter δ µ determines the dispersion of the nuclear fields acting on the charge carrier. The superscript µ in Ω µ N has been omitted to shorten the notations. This distribution is isotropic for electrons and anisotropic for heavy holes. From Eq. (5) one can deduce that [44] 
As a result, the individual charge carrier spin noise spectrum reads [16] :
where Ω µ = |Ω µ |, θ is the angle between Ω µ and the zaxis, and τ µ s is the phenomenological spin relaxation time unrelated to the hyperfine interaction, with τ µ s ≫ 1/δ µ as a rule. In QD ensembles one has to average Eq. (11) over the distributions of both the g-factors and the parameters δ µ as well as λ µ characterizing the hyperfine interaction, which are caused by the spread of QD sizes, shapes and compositions [16, 18] .
The spin noise spectrum described by Eq. (11) demonstrates two peaks at ω 0 in general [16] . The peak at positive frequencies is related with the spin precession. At sufficiently small fields (Ω µ B ≪ δ µ ) its position is determined by the characteristic frequency of spin precession in the field of nuclear spin fluctuations, ∼ δ µ , whereas at high fields (Ω µ B ≫ δ µ ) it is determined by the Larmor frequency Ω µ B of the spin precession about the external field. The shape of the precession peak is determined by the distribution function of the random nuclear fluctuations.
The peak at ω = 0 in the noise spectrum is caused by the spin components conserved during precession [16, 44] . In the semiclassical model outlined above this peak obeys a Lorentzian shape with the half width at half maximum (HWHM) being τ µ s . In fact, the semiclassical treatment with frozen nuclear spins fails to accurately describe the low-frequency behavior of the spin noise, since at low frequencies ω ≪ δ µ the nuclear dynamics becomes important. Generally, to describe the features of the spin noise spectrum at low frequencies, a quantum mechanical treatment as described in Sec. II B is needed. Before explaining this treatment in detail we briefly address some situations in which the semiclassical approach can be used.
Basically, the semiclassical treatment can be applied to study the spin noise at low frequencies ω ≪ δ µ if the electron (hole) feedback on the nuclear spin dynamics can be neglected. Hence, the temporal evolution of electron (hole) and nuclear fluctuations are decoupled in Eq. (7) . However, the dynamics of the nuclear spins can be included into consideration also. In this situation, the electron spin precesses, in addition to the static external field, in a time-dependent nuclear field Ω µ N (t). This can be realized in a semiclassical treatment if the electron or the hole leaves its site of localization before nuclear spin precession takes place, i.e. due to hopping to a neighbouring empty QD or due to excitation to the wetting layer and consequent localization in another dot [6, 45] . Then the nuclear fields can be treated as Gaussian random functions with correlation time τ c , and analytical expressions for the spin noise spectrum can be derived, as shown in Ref. [45] . Another regime where the semiclassical approach can be still employed is the case of strong quadrupolar splittings of the nuclear spin states, |q k | ≫ |A µ k | [19] . In this case one can find all temporal correlations of the nuclear fields, i.e. second order, Ω µ N,α (τ )Ω µ N,β (0) , and higher order correlators, from the quadrupolar Hamiltonian (6) and then evaluate the electron (hole) spin noise spectra semiclassically from the Bloch equations for the electron spin dynamics in a timedependent magnetic field. Provided that the correlation time τ c is finite but long enough, τ c ≫ δ µ , the spin noise spectrum is described by Eq. (11) with some "effective" spin relaxation τ µ s , which may be magnetic field dependent. Particularly, at B = 0 one has τ µ s ∼ τ c [45] .
B. Quantum mechanical approach
The inaccurate description of the zero-frequency peak in the semiclassical approach can be avoided using the quantum mechanical definition of the spin correlation functions, Eq. (7), which we evaluate by applying the Chebyshev polynomial expansion technique (CET). It was originally developed as a numerical tool to calculate the exact time evolution exp (−iH µ τ )|ψ of an arbitrary, originally pure state |ψ in a well defined time interval τ [21, 22] . As recently demonstrated [17, 18, 20] , it can also be applied to evaluate correlation functions as (S 2 µ,z ) ω by using the quantum typicality of random quantum states [26] . The spin noise spectrum due to precession of electrons in the Overhauser field at zero external magnetic field, calculated by this quantum mechanical approach agrees well with the semiclassical result, Eq. (11), and is only determined by the second moment δ µ of the distribution function for the A µ k , i. e. Eq. (10), and, if applied, by the external magnetic field [18] .
The zero-frequency peak or more precisely the lowfrequency spin noise peak in the noise spectrum is governed by the interplay of the electron or hole feedback on the nuclear spin dynamics, the non-uniformity of the hyperfine interaction [44, 46] and the nuclear quadrupolar couplings [19, 20] . This interplay between the parameters A µ k , λ µ , q k , n (k) and η of the Hamiltonian (3) has significant impact on the shape of the spin noise spectrum at small frequencies. A detailed discussion on the choice of the hyperfine coupling constants A µ k used in the CET can be found in Ref. [17] . The parameters associated with the quadrupolar interaction are derived from recent microscopic studies of the electric field gradients in (In,Ga)As quantum dots [51] assuming an In concentration of ≈ 40 %. Although we only can include a small amount, N ≈ 10, of spin-3/2 nuclei in the quantum mechanical simulation, we generate the coupling constants q k and the orientation vectors n k from a distribution function reproducing the average values found in the microscopic study by C. Bulutay [51] . The average deviation angle θ z between the orientation vectors n k is set to ≈ 25
• . For coupling constants q k = αx k , the random variable x k is drawn from a uniform probability distribution in the interval x k ∈ [0.5 : 1], and the magnitude α is determined by the ratio
that will be set to a fixed value. In order to mimic larger amounts of nuclear spins, we have averaged over 50 different configurations of A k and q k distributions with a fixed δ µ and Q r . So far, we have only discussed the modeling of a single (In,Ga)As QD by the CET. Since the experimental measurements are performed on an ensemble of QDs, the averaging over the variations of the hyperfine field parameters should be implemented as noted in Sec. II A. To that end, we have assumed that the radius of the QDs, which determines the parameters A µ k and the g-factors, is varying within the QD ensemble. For details concerning this averaging procedure see Ref. [17] .
III. SAMPLES AND SETUP
We study p-and n-doped ensembles of self-assembled QDs.
Both samples have 20-layers of MBE-grown (In,Ga)As/GaAs QDs separated by 60 nm GaAs barriers with a QD density of 10 10 cm −2 per layer. The p-doped sample was annealed for 30 s at 960
• C, and the n-doped at 945
• C, shifting the emission spectra of the samples to the sensitivity range of silicon photodetectors and reducing the inhomogeneity of the QD ensemble. Although the p-doped QDs were not intentionally doped, the sample has a background level of p-type doping due to residual carbon impurities [13] . The n-type sample doping was obtained by incorporating δ-sheets of Si-dopants 20 nm below each QD layer, with the dopant density roughly equal to the QD density [10] . The samples are mounted on the cold finger of a liquid Helium flow cryostat, and cooled down to a temperature of 5 K. Figure 1 shows low excitation photoluminescence (PL) spectra (solid curves) for the n-type sample, panel (a), and for the p-type sample, panel (b), demonstrating mostly emission from the QD ground state transitions. The PL has its maximum at 1.398 eV (887 nm) for the n-type QDs, and at 1.381 eV (898 nm) for the p-type QDs.
The linearly polarized probe light is taken from a tunable continuous wave (cw) Titanium-Sapphire ring laser emitting a single frequency laser line with a linewidth of < 10 MHz. The laser is then guided through a single mode optical fiber for spatial mode shaping (TEM 00 ). After a Glan-Taylor polarizer providing a linear extinction ratio of 10 5 , the beam is transmitted through the sample with a large area focus of 100 micrometers diameter, in order to minimize optical excitation effects in the QD ensemble [14, 49] . The slight red shift of the spin noise compared to the PL for the n-doped sample may result from a concentration of singly charged dots on the low energy side, while towards higher energies the dots become increasingly uncharged. The blue shift in case of the p-doped sample, on the other hand, may result from a double charging of the low energy dots with a pair of holes forming a spin zero singlet state. Towards the high energy side single resident hole spin charging occurs in the dots, resulting in an increase of spin noise. This increased p-doping level is confirmed by the increased intensity of emission from excited states compared to the n-doped sample.
Detection of the Faraday rotation noise is done with a standard polarimeter, consisting of a Wollaston prism and a broadband optical balanced detector. Two different detectors are used to study slower and faster dynamics: one has a bandwidth of 40 kHz ÷ 650 MHz (New Focus 1607-AC) requiring optical powers of typically a few milliwatts (fast detector), while the other one (Femto HCA-S) covers a bandwidth of DC ÷ 100 MHz, requiring powers of a few hundreds of microwatts (slow detector). The output of the detectors is amplified and low-pass filtered at variable cutoff frequencies to avoid undersampling, and then sent to the input of a digitizer. The digitizer incorporates field programmable gate array (FPGA) technology for real time computation of the Fast Fourier Transform (FFT) of the digitized voltage samples. The maximum bandwidth is limited at 1 GHz, providing 16384 spectral lines at a spectral resolution of 61.04 kHz. If necessary, the bandwidth can be reduced down to 200 MHz with a resolution of 12.21 kHz. For even higher resolution as required, e.g., in the case of zero and longitudinal magnetic field measurements, spectra could be also acquired with a PCIe digitizer card installed in a computer, in combination with multicore FFT processing and averaging. In this work, the signal accumulation times varied between 1 minute and 30 minutes, depending on the overall noise signal amplitude. Figure 1 shows, in addition to the PL spectra discussed above, the integrated spin noise power, i.e. the area under the spin noise power density spectrum (SNS), ∞ 0 dω(ϑ 2 F ) ω , as function of the probe wavelength for both samples. The spin noise power nearly follows the PL line, with maxima at 889 nm for the n-type sample and at 896 nm for the p-type sample. This is the typical behaviour for inhomogeneously broadened ensembles [30] . Thus the laser is tuned into the absorption band to provide measurable noise signal.
Using electromagnets we are able to apply magnetic fields, in the longitudinal direction (Faraday geometry, along the growth direction of the sample) up to B z,max = 120 mT and in the transverse direction (Voigt geometry) up to B x,max = 350 mT. In order to remove the spin-independent contribution to (ϑ 2 F ) ω from the overall photon shot noise and the intrinsic electronic noise, the spin noise measurements were interleaved between two magnetic fields: one measurement with the desired strength and direction, and the other one applied in the Voigt geometry at B x 250 mT for shifting the precession peak out of the detectable bandwidth. Subtraction of both spectra then yields the pure spin noise contribution. In order to account for the frequency dependent sensitivity of the detectors, the noise power spectra were additionally normalized by the photon shot noise power spectra measured without the sample, with the laser radiation shone directly onto the detectors.
IV. RESULTS AND DISCUSSIONS
In this section we present the experimental data for the spin noise measurements in zero and finite transversal or longitudinal magnetic fields. Furthermore we provide the results of the simulations using the two theoretical approaches and discuss their limitations and advantages.
Note that for convenient comparison with the experiment we present characteristic frequencies of the two models, such as δ e and δ h , as well as Larmor frequencies and simulated spin noise spectra, in units of MHz, i.e. in units of an ordinary frequency, rather than by an angular frequency as used in the models.
A. Spin noise at zero magnetic field Figure 2 compares the spin noise spectra for n-and pdoped QDs, left and right column of panels, respectively, measured at zero external magnetic field. For these experiments we used the fast detector and the FPGA module to cover a broad frequency range. (2) and (11) with ANe/(BN h ) = 4 for panel (c), and Eq. (11) for (d). The dash-dotted red curves in panels (e) and (f) indicate fits obtained with the CET. The CET results are calculated assuming λ h = 5, δe = 110 MHz and δ h = 16 MHz. The electron fraction for the n-doped sample is set to 80 %, and to 15 % for the p-doped sample. For the ensemble averaging a Gaussian distribution of the QD radius L0 with a relative standard deviation ∆L0/L0 = 0.2 is assumed. The ratio Qr is set to 0.6 for electrons and to 6 for holes since A As shown in Fig. 2(b) , the spin noise in the p-doped sample consists of a single peak centered around zero frequency. In the chosen log-log scale representation we find that the curve closely follows a Lorentzian in the frequency domain (shown additionally by the dashdotted line), which corresponds to an exponential decay in time [14] . The spin noise spectrum of the n-doped sample reveals, in addition to the zero-frequency peak, a pronounced "shoulder" (termed in the following as precession peak or Overhauser peak) at a frequency of ∼ 100 MHz, as highlighted by the red arrow in Fig. 2(a) . This peak is related to the magnetic field caused by the intrinsic nuclear fluctuations, that act on the electrons as a constant (frozen) magnetic field pointing along a random direction. The electron spin components parallel to the frozen nuclear field contribute to the zero-frequency peak in the signal with 1/3 of the full spin polarization. The other 2/3 precess around the nuclear field and are thus seen as the precession peak [12] . The absence of such a shoulder in the hole spin ensemble signal is a direct indication of the anisotropic nature of the hole-nuclear interaction [16] .
The relative amplitude of the precession peak and the zero-frequency peak is influenced by several factors: (i) finite correlation time of the electron in a quantum dot which might be caused, i.e., by the probe-assisted transfer of the electrons into other QDs, providing a redistribution of the spin noise power of the precession peak towards the zero-frequency peak [45] , or (ii) presence of positively charged QDs in the nominally n-doped sample, which would increase the relative weight of the zerofrequency peak. In particular, the latter can be tested by applying a transverse magnetic field, as will be shown in the Sec. IV C. It should be foreclosed at this point, that by applying this method we were able to evidence a percentage of about 20 % of such non-intentionally pdoped QDs, which is mostly due to impurities in the MBE machine. However, this value slightly varies with the point at which the sample is probed by the laser. Thus, to reproduce the data in the semiclassical model, we assume that the ratio of electron and hole contributions to the measured SNS is AN e /(BN h ) = 4, see Eq. (2). The corresponding fit results for the n-doped sample are presented in Fig. 2(c) , from which we can determine δ e ≈ 70 MHz and τ e s = 5 ns, which is consistent with estimations based on the hyperfine coupling constants, Eq. 10. For the hole fraction in the same sample best agreement was achieved with δ h = 40 MHz, λ h = 10 and τ h s = 80 ns. The best agreement with the experimental data using the semiclassical model for the p-doped sample, see the red curve in Fig. 2(d) , is obtained by using the parameters δ h = 40 MHz and λ h = 10 in Eq. (5), as well as τ h s = 240 ns in Eq. (11) (note that the curve is practically insensitive to a particular value of δ h provided that
The panels (e) and (f) of Fig. 2 show a direct comparison between the experimental data and the numerical results obtained via the CET approach. The spin noise function obtained via the CET is highly sensitive to the choice of the model parameters introduced in Sec. II B. For electron spins, panel (e), the agreement between theory and experiment in the numerically accessible regime is excellent. The pronounced deviation at small frequencies stems from the finite frequency resolution of the CET above 0.79 MHz for the parameters used here.
The agreement between theory and experiment is less striking for the hole doped sample, where the theoretically determined gradient of the spin noise function in the intermediate frequency regime 0.79 MHz < ν < 6 MHz does not reproduce the experiment exactly. We attribute that discrepancy to the small amount of nuclei in the CET simulations limiting the low frequency spectrum of the Hamiltonian (3). The obtained agreement between experiment and theory is still remarkably good within the finite size limitations of the CET and states the validity of the applied model. All important parameters obtained from describing the experimental data using the two models are summarized in Table I . As a nearly non-perturbative method of measurement, spin noise should be able to unveil the intrinsic spin lifetimes in the studied systems. However, the inhomogeneously broadened QD ensembles require the probe energy to be within the PL-emission band. Therefore, one has to pay special attention to the applied laser power and use the limit of lowest possible laser intensities to minimize excitation effects. As could be shown by Yan Li et al. for hole spins in a very similar sample, for the used large 100 µm laser spot and used probe powers in the range of 0.1 mW, the QD spin noise shows only a weakly increasing linewidth of the zero-frequency peak with increasing probe power [14, 49] . This shows, that probe induced effects are still present, but are minimized. A linear fit of the linewidth power dependence should thus allow us to obtain a rather accurate value of the intrinsic spin relaxation time by extrapolating the fit to zero probe power. This method was recently proven to give reliable results for the electron spin relaxation times in pump-probe studies [23] .
In our experiments, the zero-frequency peak in the spin noise of the n-and p-doped sample is measured using the slow 100 MHz detector. Its output is filtered Figure 3 : Dependence of the HWHM of the zero-frequency spin noise peak on probe laser power. The data exhibit a weak linear increase with power in both cases, whereupon for the n-doped sample the increase is a factor 2.5 stronger. The larger error is caused by a much smaller spectral amplitude compared to that of the p-doped sample. We determine the effective intrinsic spin lifetime in both samples by using the point of intersection of the linear fits with the vertical axis at zero laser power.
for the frequency band from 0.01 MHz to 32 MHz and then sent through a high frequency amplifier. The probe laser powers range from 0.1 mW to 0.6 mW. Since especially the lineshape of the SNS from the n-doped QDs deviates from Lorentzian (see above), we use a general definition of the linewidth, namely the geometrical half width at half maximum (HWHM) of the zero-frequency peak spectrum, denoted as Γ, see also Ref. [14] .
The effective linewidths extracted from our experimental data are depicted in Fig. 3 . We observe a weak increase of the linewidths with laser power in both samples. However, the changes are much larger for the n-doped QDs. This partly originates from the much smaller spectral amplitudes of the zero-frequency peak as compared to the p-doped QDs, for which the complete spin noise power is concentrated in the zero-frequency peak.
From linear fits to the power dependences we obtain the following intrinsic linewidths: the p-doped sample obeys Γ = (0.35 ± 0.01) MHz, whereas Γ = (0.39 ± 0.03) MHz for the n-doped sample. The linear increase of the linewidth is steeper for the n-doped dots: it grows by 40% as the probe power is increased from 0.1 mW to 0.6 mW. For hole spins we observe an increase of only 10% within the same range of laser power. This difference shall be studied in greater detail in future, here we point out only some related aspects. First, as has been already mentioned above, there is a finite fraction of pdoped QDs in the intentionally n-doped sample, which amounts to about 20 %. Since at zero external field 2/3 of the electron spin noise is concentrated in the precession peak and only 1/3 contributes to the zero-frequency peak, holes then may contribute up to 40 % to the spin noise of the zero-frequency peak, while the remaining 60 % stems from electrons. Thus, there is a significant hole contri-bution that may influence spectral shape and amplitude of the low-frequency SNS from the n-doped sample. Second, both samples are measured under exactly the same probing conditions, especially with the same large laser spot of 100 µm that evidently produces only a weak perturbation of the spin system. We prove this assumption by additionally looking at the FR noise amplitude, which is the square root of the FR noise power, obtained by integration of the SNS from 0.012 MHz to 32 MHz. Taking the dependence of the FR noise amplitude on the probe laser power, we obtain an exponent of ≈ 0.85 for both samples by fitting the dependence with a power law. This value is quite close to unity, suggesting that the measurements were carried out close to thermal equilibrium, i.e., close to the non-perturbative regime [49] . As an example of the opposite case, Ref. [50] showes signatures of strong optical perturbation, demonstrating the hole spin noise in a QD microcavity with the measurements carried out using 10 3 ÷ 10 4 times larger probe intensity than in our case. The linewidth then is increased by a factor of 3, i.e. by 200 % under a threefold increase of laser power. This additionally corroborates that our measurements are performed largely non-perturbatively.
Using the well-known relation τ s = (2πΓ) −1 we derive the effective spin lifetimes. We obtain τ [14, 49] . At first glance it is quite surprising that electrons and holes have similar relaxation times, as they show a strong difference in the nuclear interaction strength. Otherwise, similar values for the spin decoherence time T 2 of QD electron and hole spins in magnetic field were revealed by the mode-locking technique applied to similar n-and p-doped heterostructures [27] . As we will explain in the following, our observation of comparable timescales is related to the presence of additional quadrupolar interactions of the nuclei with electric field gradients in the dots, Eq. (6).
Without H µ N , the characteristic time scale for the electron spin noise is given by T * e ∝ 1/δ e , and the one for hole spins by T * h ∝ λ h /δ h determined by the fluctuations of the Overhauser field (10). While T * e ≈ 1 − 2 ns is found in the typical QD ensembles as investigated here, the p-wave nature of the hole-wave function reduces the hyperfine couplings A h k by a factor of 10 compared to the electron spins [52] [53] [54] . The decay of S h,z is additionally suppressed by the anisotropy parameter λ h ≈ 10, accounting for the anisotropic dipole-dipole coupling of hole spins to the nuclear spins [52] [53] [54] , so that T * h ≈ 100T * e . Including a realistic modeling [51] of the coupling between the nuclei's quadrupole moments and the electric field gradients (EFGs) in the QDs via H µ N is sufficient to explain the observed mismatch between the experiments and the prediction of the CSM, see also Ref. [20] . This can be intuitively understood: adding an additional source of decoherence (i.e. the quadrupole interaction) to the CSM Hamiltonian results in a decrease of the coherence time of the considered electron/hole spins.
is a conserved operator in the CSM provided that Ω Its effect onto the spin-noise function can be investigated in fourth order perturbation theory [24] for fixed nuclear easy-axis vectors n (k) z = e z : a term linear in q k and cubic in A µ k accelerates the decay of S µ,z but a q 2 k term decelerates the spin decay. We note that the influence of H µ N onto the decay of the electronic spin is indirect and only occurs in combination with the hyperfine interaction. Its effect is non-universal and cannot be casted into a simple decay time or energy scale as defined by the fluctuation of the Overhauser field (10). The reason is related to its two opposite limits. For A k > q k , typically relevant for the experiment, H µ N provides additional nuclear spinflip processes leading to an additional spin decay at long time scales set by Q r , Eq. (12), as outlined above. For the opposite limit, A k ≪ q k , the nuclear system must be diagonalized first, providing a set of two time-reversal doublets as the new eigenbasis for each nuclear spin energetically separated by 2q k 1 + η 2 4/3. Then the coupling to the electron/hole spin is treated perturbatively, and the rigidity of the nuclear system can suppress additional dephasing for η → 0 [24, 56] .
Since the n (k) z have different strain induced orientations at each nuclei in a real QD, their angular distribution [51] and the in-plane anisotropy η, however, provide an additional source of randomness and, hence, spin dephasing even for stronger hyperfine coupling due to the misalignment of the local nuclear easy-axis and the growth orientation, defining the global z-axis.
Crucial for the understanding of the comparable longtime spin decay of electron spins and hole spins is the fact that H µ N is caused by the growth induced strain in the QDs, and its energy scale is consequently independent of the QD doping. This additional source of decoherence counteracts the lifetime enhancement of a factor 10λ h as predicted within the CSM for hole spins. The quantum mechanical CET predicts [20] that the long-term lifetime is of the same order of magnitude for n-type and p-type QDs grown under identical growth conditions, as demonstrated in Fig. 2(e) and (f) .
At values Q r ≈ 6 as used in Fig. 2(f) , the nuclear quadrupole electric couplings become the limiting factor of the coherence time in zero magnetic field.
On a semiclassical level, the influence of the additional quadrupolar couplings can be understood by investigating the equation of motion of a single nuclear spin in the Hamiltonian (3) coupled to a fictitious static carrier spin. Within the CSM only, the nuclear spin would precess around this central spin with a Larmor frequency proportional to the individual A µ k . This leads to slow dynamics of the Overhauser field [44] and a long-time carrier spin decay described by a power law [17, 40] with some logarithmic corrections governing the low frequency part of the spin-noise spectra. Adding the quadrupolar couplings H µ N has two effects on the nuclear spin dynamics: firstly it enhances the nuclear Larmor frequency, and, secondly, the breaking of the total spin conservation law translates into a change of an effective precession axis which is not longer determined by the carrier spin direction only. Both effects yields to an addition dephasing of the Overhauser field and consequently to a dephasing of the non-decaying fraction of the spin-correlation function [25] on a time scale dominated by the quadrupolar coupling strength.
C. Spin noise in transverse magnetic fields
A magnetic field applied perpendicular to the probe beam propagation direction, B
x (Voigt geometry), induces spin precession and shifts the corresponding noise peak along the frequency axis to the Larmor frequency Ω µ B . We have carried out measurements for electron and hole spins up to field strengths of B x = 80 mT, using the fast 650 MHz photodetector with a probe power of 4 mW. The experimental results are presented in Fig. 4  panel (a) for the p-type sample and panel (b) for the n-type sample.
We start the analysis with the data on the p-type sample, shown in panel (a). At B x = 0 the SNS consists of two peaks: the first one remains centered at ω = 0, but its amplitude decreases with increasing magnetic field, and the second one appears at ω = 0, shifting with the field towards higher frequencies, in agreement with our expectations, see Sec. II A, because the transverse magnetic field suppresses the role of the nuclear field fluctuations, therefore reducing the zero-peak contribution. The experimental data are adequately described by the semiclassical model, Eq. (11), using the following values of fit parameters: transverse hole g-factor g ⊥ h = 0.16, measured from the linear shift of the second peak maximum with magnetic field, g-factor spread of ≈ 37 %, measured from the broadening of the peak, and τ h s ≈ 16 ns for B x 20 mT, see the solid curves in Fig. 4(a) for results. To achieve better agreement between experiment and theory at B x = 0 the curve centered at zero frequency is calculated with a longer spin relaxation τ Fig. 2(c) . The fit at Bx = 60 mT uses again the CET approach, with the g-factor being the same as for the SCA approach. All other CET parameters except the hole g-factor spread are the same as in Fig. 2. the zero-frequency SNS peak to the area under the whole SNS for an extended range of field strengths up to B x = 120 mT, see Fig. 5 . The area of the zero-frequency peak was extracted by fitting the SNS by a linear combination of a Gaussian function centered at ω = 0 and two Lorentzians centered at ω = 0 with different widths. The Gaussian function is needed to account for the non-zero frequency spin precession peak and the two Lorentzians reflecting exponential decays in time are needed to reproduce rather accurately the shape of the zero-frequency component whose precise calculation is beyond the scope of the semiclassical model. The Gaussian is characteristic for a behavior determined by an inhomogeneous distribution such as the g-factor variations [16] . Figure 5 demonstrates good agreement between theory and experiment.
Next we turn to the SNS of the n-type QD sample in transverse magnetic field, shown in Fig. 4(b) . Here, at B x = 0 one can see two features in the SNS appearing at non-zero frequencies. One of them correlates with the hole Larmor precession, Fig. 4(a) , while the other one has much higher frequency and can be attributed to the electrons. As mentioned above, the ratio of the areas under these two peaks is slightly sensitive to the particular point of the sample that is probed by the laser.
This observation supports our conjecture that n-and p-doped quantum dots coexist in the nominally n-type sample, see Sec. IV A. Hence, as in Sec. IV A, to describe the experimental data within the semiclassical model we take into account contributions of electron and hole spins to the measured SNS. The particular data in Fig. 4 (b) are well described by Eqs. (2) and (11), see solid curves in Fig. 4(b) , calculated using a fraction of positively charged QDs, AN e /(BN h ) ≈ 4. Other fit parameters are chosen as follows: g ⊥ e = 0.55, its spread is about 7 %, and τ e s = 5 ns, taken independent on B x . We note that such a short value of τ e s is introduced into the semiclassical model to approximate the relatively broad zero-frequency contribution in the SNS. An analysis of the "intrinsic" electron spin relaxation time is presented below in Sec. IV D.
In Fig. 4 we demonstrate the agreement between the experimental results and the CET for transversal external fields. The CET parameters are set to those of the zero-field calculation used in Fig. 2 . The comparison between the experimental results and the CET data (dashed lines) for B = 60 mT serves as a proof of principle assuring comparable results for the remainder experimental data. For the p-type samples, the electronspin contribution to the spectrum is negligible, and the CET reproduces the obtained hole-spin spectrum at all frequency ranges in Fig. 4(a) .
As noted above, the SNS of n-type samples shows a shallow low-frequency feature tracing perfectly the spinnoise peak of the p-type samples with increasing magnetic field. Due to the ∼ 20 % admixture of holes to the n-doped spectrum, the hole SNS provides an additional finite low-frequency contribution around the hole Larmor frequency that is accurately reproduced by the CET approach as shown in Fig. 4(b) . As previously demonstrated [16, 17] , the width of the spin precession peak is mainly governed by the parameter δ µ at small and moderate fields, while at higher fields it is controlled additionally by the g-factor spread; the peak shape is approximately Gaussian for Ω B ≫ δ µ . Relative zero-peak spectral area (a.u.)
Transverse field strength (mT) Figure 5 : Analysis of the relative spectral area of the zerofrequency peak as a function of transverse magnetic field calculated for the p-doped sample using the semiclassical approach. Points are obtained by fitting the experimental data, see text for details. The solid curve is calculated using Eq. (11) with the same set of parameters as Fig. 4(a) .
The transversal magnetic field reduces the nondecaying fraction of the spin-correlation function responsible for the zero-frequency δ-peak in the spin-noise spectrum. Consequently spectral weight is transferred to finite frequencies to fulfil the spectral sum rule [6, 16, 17] , which describes the conservation of a total number of fluctuating spins. This is clearly visible in the p-type spectra shown in Fig. 4(a) . Such a suppression is also found in n-type samples.
Synopsis of the transverse-field results shows that the data in Figs. 4 and 5 can be well described by both models, the semiclassical and the quantum-mechanical one.
D. Spin noise in longitudinal magnetic fields
Under application of a magnetic field along the light propagation axis the role of transverse fluctuations of the Overhauser field diminishes. This leads to: (i) suppression of the precession peak, and (ii) modification of the zero-frequency peak amplitude and shape. As noted above, the total area under the noise spectrum remains constant and does not depend on magnetic field due to conservation of the number of spins in the probed volume.
In this section we focus on the zero-frequency peak. This allows/requires (i) usage of the highly sensitive slow detector with low probe laser powers to minimize optical excitation effects and (ii) detailed monitoring of zerofrequency peak modifications because of higher spectral resolution. In particular, we filtered the detector output voltage for the frequency band between 0.009 MHz and 17.5 MHz.
The suppression of the precession peak in the n-doped sample then becomes indirectly observable by changes of the integral spectral area of the zero-frequency peak, as for higher longitudinal fields the spins become stabilized and redistributed in frequency into the zero-peak component. Figure 6 shows the low-frequency SNS of the n-type sample, panel (a), and of the p-type sample, panel (b), measured at 0.2 mW probe laser power for different values of the longitudinal magnetic field. It was our aim to measure both samples under comparable probing conditions with the lowest possible laser power. The chosen low probe laser power is dictated by the small noise amplitude in the selected frequency range for the n-doped sample at zero external field, because the nuclear field distributes 2/3 of the total spectral weight of the electron spin noise into the Overhauser precession peak (not shown).
The experimental data clearly demonstrate the enhancement of the zero-frequency peak with increasing magnetic field. The spectra of both samples transform towards a 1/f behaviour of the SNS at sufficiently high field strengths, as reported previously for a p-doped sample [14] . This indicates a crossover to a 1/ ln t spin decay in time, which is especially noteworthy for the n-doped sample, since the longitudinal field redistributes electron spin fluctuations from the Overhauser precession peak into the zero-frequency peak (see below), such that at the maximum applied field strength the electron spin contribution to the zero-frequency peak clearly dominates, despite the finite admixture from p-doped QDs. Thus, the crossover to 1/f -noise can be termed a general property of carrier spins in QDs, regardless of the type of resident carrier charge.
To obtain deeper insight into the complex dynamics of interacting electron and nuclear spins we extract again the effective spin relaxation times τ s from the half-width at half-maximum (HWHM) of the zero-frequency SNS component, see Fig. 7(a) . Since the shape of the zerofrequency feature strongly deviates from a Lorentzian, especially for sufficiently high magnetic fields where 1/f behavior dominates, such procedure only gives effective timescales for the spin relaxation, as explained above in Sec. IV B.
The red dimonds in Fig. 7(a) show the effective relaxation times τ p s for the p-doped QD sample. It abruptly increases with increasing magnetic field up to ∼ 10 mT, from ∼ 0.4 µs (consistent with the measurements shown in Secs. IV A, IV C) to 5.3 µs. The longitudinal field overwhelms the anisotropic nonzero hyperfine field experienced by the hole through the hole-nuclear coupling, and thus suppresses the hole spin dephasing due to hyperfine interaction. For the magnetic field range from 20 mT to 120 mT, τ p s slowly increases further up to about 6.5 µs, showing signatures of saturation at the highest field strengths. We ascribe this behaviour to a small fraction of non-intentionally n-doped QDs in this sample. Notably, the width of the dip in the magnetic field dependence of the electron spin lifetime around zero field should be considerably larger than that for holes. This is because the hyperfine field acting on the electron spin is stronger. Hence, a larger external magnetic field is needed to overcome the hyperfine field. This assumption is supported by the spin lifetime behaviour τ n s (B z ) observed for the n-doped sample, see black dots in Fig. 7(a) . The broad component is significantly more pronounced than in the p-doped sample. The narrow dip for fields |B z | 10 mT is ascribed to the presence of p-doped QDs in the n-type sample. The broad, electron-induced component demonstrates a further increase in the effective electron spin lifetime to 5.6 µs, showing also pronounced signatures of saturation at |B z | = 120 mT.
Additionally, with increasing magnetic field strength, the 2/3 of total spectral weight of electron spin noise contained at zero external field in the precession peak become continuously redistributed into the zero-frequency peak. In order to demonstrate this behaviour, we made use of two facts: (i) a simple measure for the spectral weight of the spin noise is provided by the area under the SNS, which in turn can be obtained from an integration, ; (ii) for the analysis of the redistribution, it is sufficient to monitor the increase of the spectral area under the zero-frequency peak. Thus, we performed the integration of the SNS in the frequency range depcited in Fig. 6 , i.e. from 0.009 MHz to 10 MHz.
For our n-doped sample we finally obtain a dependence of the zero-frequency peak area on B z as depicted by the Zero-peak spectral area (a.u.)
Longitudinal field strength (mT) Figure 7 : Dependence of (a) the effective spin lifetime inferred from the HWHM of the zero-frequency peak SNS, and (b) the area under the zero-frequency peak SNS of both QD samples on longitudinal field strength. Each sample shows some characteristic features of a fraction of QDs in each ensemble being doped non-intentionally with the other type of carrier spin, respectively. This is due to impurities incorporated during the growth process.
black dots in Fig. 7(b) . The continuous redistribution of the spectral weight of the electron spin noise is clearly seen, whereupon saturation occurs for |B z | 80 mT. In principle, the observed behaviour can be explained with the total longitudinal field overcoming the transverse components of the nuclear hyperfine field that is isotropic in the n-doped QD ensemble, such that finally an anisotropic total magnetic field acts on these QDs, shuffling all spectral weight of the electron spin noise into the zero-frequency peak, as is the case for hole spins [16] . However, the total increase of the zero-frequency peak area in the n-doped sample amounts to a factor of ∼2.3 only, instead of the expected factor of 3 [16] . This is in line with the presence of p-doped QDs, and the spectral cutoff at the smallest frequencies (f < 0.009 MHz).
To complete the discussion of the experimental observations, we address the dependence of the spin noise amplitude of the p-doped sample on the longitudinal field strength, see the red diamonds in Fig. 7(b) . The absence of any pronounced dependence on B z indicates that the amount of n-type quantum dots in this sample is rather small. Indeed, for 10 % of n-type dots their contribution to the zero-frequency peak amplitude can hardly be resolved within our experimental accuracy.
Summarizing the experimental findings, we note that in sufficiently strong magnetic fields (which suppress the frozen nuclear fields) both types of carrier spins (i) demonstrate quite similar effective spin lifetimes, and (ii) show a trend towards a 1/ ln (t) spin decay manifesting itself as a 1/f behavior of the zero-frequency peak SNS.
The semiclassical model outlined in Sec. II A provides an increase of τ h s with increasing longitudinal magnetic field if a finite value of the correlation time τ c is taken into account. However, our estimations show that such an increase should be observed at larger fields than observed, B z ∼ 20 mT for the parameters extracted from the fits in Sec. IV C. Hence, such an abrupt increase as well as the weak increase of the hole spin relaxation time at Ω µ B > δ µ should be analyzed in terms of the interconnected hole and nuclear spin dynamics [14] , quadrupolar splittings [19] and, possibly, taking into account other spin relaxation mechanisms unrelated to the hyperfine interaction [55] . On the other hand, the semiclassical model provides a reasonable description of the redistribution of the spectral weight of electron spin noise into the zero-frequency peak under longitudinal magnetic fields: taking the value of δ e = 70 MHz from the fitting of the zero-field SNS, Fig. 2(c) , as well as 20 % of p-doped QDs, AN e /(BN h ) = 4, we obtain the red solid curve in Fig. 8 without any additional fitting parameters, giving fair accord with the measured data. Note, that the value of the electron spin lifetime τ e s only weakly affects the dependence of the zero-frequency peak area on the longitudinal magnetic field.
Within the CSM, the suppression of the electron spin decoherence in a longitudinal field B z with field strength B z = |B| leads to a rapid increase of the longtime limit S ∞ (b) = lim τ →∞ S e (τ ) of the spin correlation function S e (τ ) defined in Eq. (7). S ∞ (b) is proportional to the spectral weight of the zero-frequency peak contribution, and its dependency on the dimensionless magnetic field b = Ω 
for the n-type QDs [24] , with S e (0) = 1/4 being the initial value of the spin-correlation function (1) at time t = 0, and T * e ∝ 1/δ e denoting the characteristic timescale of the electron spin fluctuations (see above). Note, that Eq. (14) holds in the SCA as well with an accuracy higher than 4 %.
Within the quantum mechanical approach [17] to the CSM it was found that (i) the spectral weight of the spin precession peak rapidly decays as ∝ b 2 [24] , (ii) the lowfrequency spectral weight (1/τ e s ≪ ω ≪ δ e ) is strongly reduced as well as (iii) collapsing into the zero-frequency peak [17, 24] leading to Eq. (14) for longitudinal magnetic fields.
The SNS shown in Fig. 6 suggests that the high energy parts of the spectrum are not solemnly transferred to the zero-frequency δ-peak as predicted by the CSM, but are distributed over some finite low-frequency range obeying 1/f behaviour as shown in Fig. 6 . This experimental observation supports the claim that a simple CSM is insufficient to explain the observed SNS, and additional terms in the Hamiltonian are needed for the proper description of low-frequency parts of the SNS.
As mentioned, the n-type and p-type QDs show similar low-frequency features in the SNS spectrum, leading to the estimated long-time scales in Fig. 7 (a) that are quite comparable for both spin species and only weakly field dependent once Ω e B T * e ≫ 1. Therefore, the mechanism governing the low-frequency part of the spectrum must be the same for both types of QDs and nearly independent of the longitudinal magnetic field. This serves as a piece of evidence that the nuclear quadrupolar couplings, Eq. (6) and Refs. [19, 20] provide this mechanism: The quadrupolar splittings defined by the Hamiltonian H µ N are induced during the growth process [51] and are independent of doping. Moreover, since the nuclear magnetic moment is about 2000 times smaller than the Bohr magneton, the nuclear system remains almost unaffected by the comparably weak longitudinal magnetic fields applied in our experiments.
Replacing the non-decaying fraction of the spincorrelation function [25] by the integral over the lowfrequency part of the spectrum yields the same functional dependence of this signal area on the longitudinal magnetic field as in Eq. (14) for n-type QDs. In fact, identifying S ∞ (b) with the zero-frequency peak area in the SNS and setting S ∞ (b = 0) = S(0)/3 using the SCA estimate [44] precisely describes the increase of the zero-frequency peak area as function of the magnetic field, where S e (0) takes the role of a prefactor fixed by the experiment. For the particular case of admixture from non-intentionally p-doped QDs as observed in our studies, Eq. (14) should also remain suitable. Then the parameters S ∞ (b = 0) as well as S e (0) include the same (field-independent) contributions from hole spins, respectively, such that the field-dependent part describes the redistribution of electron spin noise from the Overhauser peak into the zerofrequency peak, regardless of the amount of p-doped QDs in the sample.
In order to find out whether the expression in Eq. (14) is sufficient to describe the data depicted in Fig. 7(b) under utilization of the CET parameters derived from the zero-field and transverse-field measurements (δ e = 110 MHz, ∼20 % of hole doped QDs), we firstly derived a relation for the dimensionless magnetic field b that contains both δ e and B z . Therein, we put Ω e B = −1 g e µ B B z . Furthermore, by taking Ω e N to denote the Larmor frequency of the precession peak in the zero-field SNS, we can adopt (i) Ω e N ≈ √ 2T * e −1 as a major CET result [18] , and (ii) Ω e N = δ e from the SCA [16] , to obtain T * e = √ 2δ e −1 .
In combination, the relation
is yielded, which we then included into Eq. (14) . Next, we accounted for 20 % of p-doped QDs by incorporating the ratio S e (0)/S ∞ (b = 0) = 2.14, but left S e (0) as a free parameter to optimize the fit between experiment and theory. Finally, g e ≈ g ⊥ e = 0.55 is included. Under all aforementioned preconditions, we obtained the best agreement for S e (0) = 0.08. The corresponding plot is depicted by the blue curve in Fig. 8 . As can be derived from this plot, the CET is well suited to describe our data. Especially, the good consistency of the model parameters obtained previously from the zero-field and the transverse-field measurements deserves particular attention.
With this specific conclusion we turn the analysis to the p-type QDs. The situation here is considerably different from the n-type QDs: due to the significant anisotropy factor λ h , the spin decay is suppressed in the CSM: the Gaussian peak from the Overhauser field fluctuation is shifted to lower frequencies approximately by a factor of 10 [54] compared to n-type QDs and, therefore, merges with the rest of the low frequency spectrum, as was also shown in Fig. 11 of Ref. [17] . In addition, its area is reduced due to the suppression of the spin decay via the hyperfine coupling. To this end, the depicted frequency range in Fig. 6(a) contains almost the complete spin noise, and, consequently, the area remains constant within the experimental restrictions as reported in Fig.  7 (b) and in accordance with the spectral sum rule.
For a detailed comparison between the experiment and the CET approach for the full Hamiltonian (3), the frequency resolution for the SNS must be matched. Since we have typically used a fixed number of Chebyshev polynomials N c = 6000, and the energy spectrum of the Hamiltonian (3) increases with increasing magnetic field, the lowest accessible frequency in the CET approach also increases with the applied magnetic field. Therefore, the CET has very reliable access to the high-frequency part of the spectrum above 1 MHz, while that part on the experimental side is unfortunately already disappearing in the detector noise. On the other hand, the CET approach lacks the necessary low-frequency resolution for f < 1 MHz with increasing longitudinal magnetic field, where the crossover to a 1/f -type spin decay has been detected in experiment as reported above.
Nevertheless, such a crossover has also been found in a longitudinal magnetic field when applying the CET approach to the full Hamiltonian (3) for p-typed QDs. For the results presented in Fig. 9 , however, we have used slightly different parameters than in Fig. 2 enabling us to reach lower frequencies. Setting aside the increased experimental noise, the qualitative and quantitative agreement remains remarkable between theory and experiment: (i) with increasing magnetic field, the spectral weight is reduced above 0.1 MHz and transferred to frequencies below 0.1 MHz so that the SNS approaches the 1/f asymptotic in the depicted interval, and (ii) all spectra cross each other at about f ≈ 0.1 -0.15 MHz. Due to the incompatibility of the experimental and theoretical frequency resolution in longitudinal magnetic fields we provide Fig. 9 as a proof of principle only and leave a more detailed parameter fit of the Hamiltonian (3) to the experimental data depicted in Fig. 6 to the next generation of high power computers.
V. CONCLUSION
We have applied spin noise spectroscopy to measure the spin lifetimes of QD electrons and holes in zero and finite magnetic fields. Both types of charge carriers demonstrate a similar change of the SNS shape in longitudinal magnetic field, from about Lorentzian to 1/f dependence, as they become stabilized along the field. Our findings demonstrate that the spin noise in longitudinal fields allows for a clear separation of electron and hole spin contributions in QD ensembles and, correspondingly, the determination of their spin lifetimes due to the difference of their interaction strength with the nuclear spin fluctuations. Transverse magnetic fields allow one to define the fractions of electron and hole spin subensembles within a given sample.
The experimental data have been discussed in the framework of two complementary theoretical approaches: the Chebyshev polynomial expansion technique (CET) which provides a fully quantum treatment of the spin noise problem and the semi-classical approximation (SCA) which is based on the separation of the electron and nuclear spin dynamics. The applicability of these approaches is evaluated for the different studied experimental configurations. Comparison of the experimental data with the modeling shows that the CET approach is a powerful method to describe the spectral SNS shape in the intermediate and high frequency ranges. The limitations of this method are given only by the computational power that apply in our case to frequencies below 0.1 MHz. An additional advantage of the CET is given by the rigorous inclusion of quadrupolar splittings of the nuclei which provides a quantitative explanation of the similar long-time/low-frequency spin dynamics for both types of carriers. On the other hand, the SCA enables one to elaborate an intuitive and consistent qualitative picture of the spin dynamics and spin fluctuations. This approach has its limitations at very low frequencies to describe the shape of the zero-frequency peak. However, it gives a good qualitative description of the overall spin noise spectra using simplified assumptions and a high quantitative precision for the high frequency part of the spectra. This method can serve to estimate the parameters of the hyperfine interaction and the g-factors of electrons and holes from the experimental data which then can serve as input into a more advanced quantum mechanical approach.
